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UNIT-1 : Limit and Differentiation

"The concept of a limit is a central idea that distinguishes calculus from algebra and
trigonometry. It is fundamental to finding the tangent to a curve or the velocity of an
object.”

BASIC DEFINITIONS:

e Interval: -A set of the following forms is called as interval
(1) {z € Rla <z < b} =[a,]
(2) {xr € Rla < x < b} = (a,b)
(3) {x € Rla < x < b} =[a,b)
(4) {x e Rla < x < b} = (a, ]

e ) Neighborhood or Neighborhood:- An interval around a point a € R is said to be its neigh-
borhood if it is of the form for some o > 0
{reRla-—d<z<a+d}=(a—9a+0)

e Deleted Neighborhood:- An interval around a point a € R is said to its be deleted neighbor-
hood if it is of the form for some § > 0
{reRla—d<z<a+dr#a}t=(a—0da+d)~a

e Modulus function: A function defined on set of real numbers R which gives the absolute
value(positive value) of a number is called modules function. It is defined as

x, if x is non negative;

—x, if x is negative.

x| =

e Integer Part Function: A function defined on set of real numbers R which gives the integer
part of the number is called integer part function. It is defined as
[z] = nearest integer less than .
e.g., [3.234] = 3,[—2.234] = =2, [n] = 3, [¢] = 2.

e Even function: A function f(x) is said to be even function if f(—x) = f(z), for all .
e.g., f(x) =1

e Odd function: A function f(x) is said to be odd function if f(—z) = —f(x) for all z.
eg., flx) =1
1.1 Limat: Definition Let f(x) be defined on an open interval about zg, except possibly at

a itself. If f(x) gets arbitrarily close to L for all x sufficiently close to a, we say that f
approaches the limit L as x approaches a. Mathematically,

we can write,

lim f(x) =L



The precise definition of Limit:-
The statement

lim f(x) =L
r—a
means that for every e > 0 39 > o such that

|f(x) — L| < € whenever x € (a —d,a+ ) ~ {a}

e Right hand limit and Left hand limzit:- There are two kind of limits over a real line.

Namely, Right hand limit and Left hand limit.

Over the line there are two directions to approach any point, from left to the point and from
right to the point.

These limits are defined as follows

we mean by a left limit

lim f(z)=1L

T—a—

For every € > 0, 3 0 > 0 such that

|f(x) — L| < € whenever x € (a — 0,a)

And Similarly,we mean by a right limit
lim f(z)=1L

T—a4

For every € > 0, 3 0 > 0 such that

|f(z) — L| < e whenever x € (a,a+ )
1.2 Working Rules and Simple Examples of Limit

(1) im [kf(x)] = k lim f(z)

(2) lim [f(z) + g(2)] = lim f(x) + lim g()

(3) lim [f(x) — g(x)] = lim () — lim g(x)

(4) lim [f(2) x g(x)] = lim f(z) x lim g()

(@1hnf@):ig%ﬂx{pKWMaiﬁmtmng@)¢o
w=a g(a) - lim g(z) wa

EXAMPLES:-

(1) lim(4) =4
T—2
(2) lim(52 - 3)
z—
=lim(bz) —lim3=5xlimzx—-3=5x2-3=10-3=7
T—2 T—2 T—2
(3) lim(3x +2)
z—
=lim3z)+lim2=3xlimxr+2=3x2+2=6+2=38
2 T—2 T2



1.3 Limit of a Polynomial Function:-

Sol™:

Sol™:

Sol™:

Sol™:

A Polynomial Function is of the type

p(z) = ag + a17 + asx® + azx® + ... +a, 2" + apx

where ag, aq, ....., a, are real numbers.

The limit of the polynomial function is defined as follows

lim (o) =
=1 m( ap + a1x + asx® + asrd + ... + 12" + apx™)
(ao) + lim(ayz) + lim (agz?) + lim (agz?®) + ......... + lim(a, ;2" 1) + lim (a,z™)
r—a r—a —a Tr—a Tr—a
= hm(ao) + aq lim = + ay lim 22 + ag lim 2% + ......... + ap_q lim 2" + a,, lim 2"
r—a r—a Tr—a Tr—a r—a r—a
= ag + a1a + asa® + asa + ... + a,_1a" ' + a,a®
= p(a)
Hence, the
lim p(z) = p(a)
Examples:-

. Evaluate lir%(?)xQ +z+1)
T—

Here we have p(x) = 32* +z + 1
And we know that lim p(x) = p(a)
Tr—a

= lim(3z?+z+1) = lim(32?) + lim (z) + lim (1) = 3 lim(z?) + lim(x)+1 = 3(2)*+2+1 =15
T—2 T—2 T—2 T—2

T—2 T—2

. Evaluate hm( r? + b5r — 2)

Here, we have p(r) = —2% + bz — 2
Hence, lilr%(—x2 +5r—2)=—(2)?+5(2)—2=—-4+10—-2=4
z—

. Evaluate lim (:c — 227 + 4a+)

T——2

Here, we have p(r) = 23 — 22% + 4x + 8
Hence, lim2(a:3 — 22 +4a+) = (-2)* = 2(—2)* +4(-2)+8=-8—-8—-8+8=—16
T——

. Evaluate lim 8(¢ — 5)(t — 7)

z—6

Here we have p(t) = 8(t — 5)(t — 7) = 8(¢* — 12t + 35) which is a polynomial in t.
Hence, the given limit is p(6) = 8(6* — 12(6) + 35) = 8(36 — 72 + 35) = —8

1.4 Limit of a Rational Function:-

A rational function is the function of the form f(z) = —=, ¢(x) # 0,Vz
q



Sol™:

Sol™:

Sol™:

Example 1.

Sol":-

. Evaluate lim

. Evaluate lim

The limit of the rational function is given by

lim p(z)
lim f(z) = lim p(z) = =2 , provided lim ¢(z) # 0
T—a z—a (1) lim ¢(z) z—a

T—a

: — Jim P®) _ Pla)
tn ) = I =
Examples:-

. Evaluate lim Lt
z—=2 1 + 6

Here we have f(z) = ° 1 2
T

function, we get
p(z)=x+3and q(z) =2 +6
Using the limit rule of rational function we have,

o4 m@+3) 9.3 5
lim = = =

=22 4+6 lim(z+6) 2+6 8
r—2

=51 — 7

Here we have

] 4

lim == —=-2
z=5x—7 H-—T7 =2

2

y—=—55 —y

Here we have

.y (—5)? 25 5
lim = = — ==
y=—55—y 5 —(=H) 10 2

SPECIAL TYPE OF RATIONAL FUNCTION:-

" —a”

lim =na" !
r—a T — Q
6
) .o’ =1
Find lim
rz—1 :L'8 —1

Using the above special method directly.
we get,
The given limit as

.- By the working rule of limit.]

p(x)

comparing that to the standard form f(z) = —=

q(x)

of the rational



5
- 32
Example 2. Find lim ———= i

m—>2\/5_\/§

Sol™:- Here, the given function is a rational function whose limit is evaluated as
25— 39 h_}H%(iL‘S — 32)
lim

=2 i =2 lm(vE—2)

But, here lim(z° — 32) = lim(y/z — v/2) = 0
r—2 T—2

Here,

we can rewrite the given limit as follows

(z°—32)
. (z—2)
SN
(z-2)

. 5_25)
lim 4 5
rmy @) 5(2) 5-2
_ _ - = 5(32)(v/2) = 160v/2
. (x1/2-21/2) 1/2)(2)1/2-1 92-1/2
ig B (1/2)(2)

Example 3. Find hr% W
_>

Sol™:- Here, the given limit hr%
hes

T Va+h \/_ Vi +h+4z
h—0 h \/1'+h+\/§

Vith— .z
h

[Multiplying denominator and numerator by conjugate surds|

_ i VE = VE) (Ve + b+ V7)
h=0 h(Vz +h+ /)

(x+h—1)

= 1.
w0 h(\/z 1 h+ /)
h

TRt /o)
lim (1)

h—0
N lim (v + h + /z)
B 1
VT 0+
1
NG




23— 322+ 52 —6

Example 4. lim

r—2 ,1'3 —8
3 9.2 .
Sol™:- lim z 9T Fox—6
r—2 (1}3 — 8

Here, 22 —3-224+5.-2-6=8—-12+10—6 = 18 — 18 = 0 so « — 2 is one of its factor.
Hence, 2® — 322 + 52 — 6

=23 —222 — 22+ 20+ 32 — 6

=a2%(x —2) —x(x — 2) + 3(x — 2)

=(z—2)(2®> — 2z +3)

Also, 23 — 8 = 22 — 8 = 0 hence, = — 2 is one of its factor.
23— 8= (r—2)(a? 4+ 2z +4)

o2 —=322+52—6
So, lim

z—2 3 —8

_ 2 _

_ lim (x —2)(2* — 2z + 3)
v—=2 (x — 2) (2% + 22+ 4)

2?2 —x+3
im ———
=232 +2x 4+ 4
229243 5

T 2192.244 12

8

-1
Example-5. lim e (x € R—{1})

rz—1 1715 —
Sol™:- Here, for 2° -1 = 1 —~1=0and for2'®* -1 = 1" —-1=0

P —1=(@-1@"+z*+2°+22+2+1)
and 2% — 1= (z — D)(z + 23 + ... +z+1)

-1
Hence, il_}ﬂ%m
— lim (x—1)(@°+at+23+22+2+1)

a1 (z—1)(a™ + 2B+ ... +z+1)

6(1)°
= =6/15=3/5
15(1)14 / /
x?—4
Example-6. lim
TP Ve 12— V3r 2
x? —4

Sol™:- lim
=2 \Jr+2—+3r—2

: (x—2)(z+2) Vo+2++3z-2
= lim .
=2 \r+2—13r—-2 Vr+2+3r—-2

— lim (x=2)(z+2)(Vz +2+ /32 —2)
s T+2—3x+2

T il 2)(x +2)(vVT + 2+ 32 —2)

T—2 4 — 2x



(= 2)(x+2)(Vx+2+ 32 —2)

pum 1'
) —2(z — 2)

_ lim (x+2) (Ve +2+ 3z —2)
r—2 —2

_ 24+2)(V2+2+V6—2) _ 4
-2

x% — 3%
Example-7. lim
z—3 r—3

Sol.: lim

1.5 Limit of Trigonometric Function:-

There are basically two main trigonometric functions.
Namely, sin and cos,

where sin 6 is defined as ratio of opposite side to the angle # and hypotonus
and cos @ is defined as ratio of adjacent side to the angle # and hypotonus
Here we consider the following basic results of trigonometry without any justification.

sinx

0ty =
£
(2) lim 2% =1
x—0 x

_ 2 x
(3) 1+ cosx = 2cos 5

(4) 1 —cosz = 2sin® %

(5) sinz = 2sin § cos

(6) sin®x +cos?x =1

EXAMPLES :
. 1 —cosz
1. lm ——
x—0 x2
1 —
Sol™:- Here lim ST oS
x—0 _23'2
. 2sin®%
= lim
x—0 :L'Q
2
2 (sinZ
= lim —( 2)

x—0 J,’Z
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1 sin £ 2
= (lim —2
== (1)2
S )
1
2
2. lim (secz — tanx)
=g

Sol™:- Here lim (secx — tanz)

s
=5

lim (secx —tanx) = 0o which is not defined so we have to convert given limit in to
TG

simple forms, i.e., in terms of sin and cos functions.
. 1 sinx
= lim —
a—T \COST  COSZT
. 1—sinz
=lim |[—
z—T cos T
. 1 —sinx
=lim (—
o cos T
From the trigonometric identity, sin? + cos® # = 1, we have
_ 2
cosr =1 —sin“x

Using this the above limit is

. 1—sinx
= lim _—
T3 1 —sin’z

. 1—sinx
= lim
=3 <\/(1—Sinx)(1+sinm))
v1—sinzx
=% /1+4+sinx

) 1—sinx
=lim 4/ ———
z—T 1+sinz




. tanx — sinx
3. lm —mM8 ——

x—0 I?’

tanx —sinx
Sol™:- Here lm —m———

x—0 1‘3
sin x .
—sinzx
. COS T
= lim
x—0 :Ij‘?’
) 1
sin x —1
. CcoS T
= lim
x—0 :173
1—cosz
sinx
5 CcoS X
= lim
z—0 :):3
I sinz (1 — cosx)
= lim
z—0 r3cos T
. (I—=cosz) . sinz
=lim — = X lim x lim
z—0 x2 z—0 €T z—0 COST
iy L —cosz) o1
x—0 .I‘Q 1
I (1 —cosx)
g lm ——
x—0 1’2
) (2 sin2 %)
=lim ~——=~
x—0
T
sin
= lim 2
x—0 x
T
sin
= lim 2
x—0 2

si

si

:3
N8

oig| B
Y
v \/

i 2
B!

M

. cosecr — cotx
4. lim
x—0 x

cosecxr — cotx

Sol™:- Here, lim

z—0 x
1 COS T
. sinx sinz
= lim
x—0 x

<1 — cosx)
. sin x
=lim ~— 72

x—0 X



M

2 sin?
_ im sinx

z—0 x

i 2 sin? 5

=lim —=—
z—0 sinz

x X T

T
2 sin? %

= lim X lim —
z—0 2 r—0 sinx

= lim
z—0 T2

= lim
z—0 [pz

sin 2\ 2
= lim 2( 2>
z—0 x

i )

z—0

1+ coszx
Sol™:- Here,lim +—2
T tan“ x

i 1+ cosx
= hm — s
T sin“
cos?x
. (1 +cosz)cos® x
= lim —
z—m sin x
. (1 +cosz)cos® x
= lim 5
=7 1 —cos*zx
: (1 + cosx)cos®z
= lim

z=r (1 —cosx)(l+ cosx)
, cos? x
=lim ———
a—r (1 —cosx)

(=1)°
(1-(=1))

‘ .

+1

N — =

12
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1.6 Dzifferentiation: Definition

Consider y = f(z), a function of independent variable x, then its differentiation with respect
x is defined as a limit

o Fe ) = f@)

d
And it is denoted by any of the notations f'(x), —
h—0 h

1.7 Simple examples of Differentiation

Ex.1 Obtain diﬁ by definition.
x

Sol™:- Here f(z) =z,
VR, (x+ h)t — 2*

dx h—0

1 xt + 423h + 622h? + 4xhd + h* — 2t

= h

Ax3h + 622h? + 4xh® + bt
= lim
h—0 h

= lim 423 + 62%h + 4xh® + h?
h—0

= 43

d
Ex.2 Obtain d—(\/i) by definition.
x

Sol™:- Here f(x) = /x,

() = i VTR

h—0

i ve+h \/‘ Vo +h+z
h—0 h \/x-|-h+\/§

[Multiplying denominator and numerator by conjugate surds|

_ i VE = VE) (Ve + b+ V7)
h=0 h(Vz +h+ )

— lim (x+h—1)
h=0 h(v/T + h + /Z)
h

VN
lim (1)

h—0

B lim (v + b+ /7)




1
VT 0+
1

NG

e Formulas of Derivatives of Trigonometric Functions:-

tanx sec? x ‘

secx secx tanx ‘

cosecx | —cosecx cot x ‘

cotx —cosec’r ‘

e Formulas of Derivatives of other standard Functions:-

f@) | f'(x) |
oge |1
- e
a® | a"loga |

1.8 Working Rules of Differentiation

e Derivative of constant

If f has the constant value f(x) = ¢, then

df d
Ezxamples:-
1. If f(xz) =8, then

d  d .,
= (8) =0,

14



2 Iff(x):—gthen
df d ;7
o= (3) =0

e Power Rule of derivative.

If n the any real number for f(x) = x", then
df d ( n) n—1
— = —(a") =na" "
der  dx
Ezamples:-
1. Interpreting the above Rule
fl@) | =2 | o=t [20 |2t | 2?
flle)] =223 —272[ 0| 1|22
d d
2. Find %1:5/2 and %x”z.
Here, by using the power rule of derivative,
we have,
d 5/2 _ 5,5/2-1 _ 5.,.3/2
Similarly,
d 7/2 _ 7.7/2-1 _ 7,5/2

e Constant Multiple Rule.

If u(zx) is a differentiable function, and c is a constant,then
dlew) _ i(cu)) = cd—u
de  dx Cda’

Examples:-
1. Differentiate f(z) = 2z°.

Here, f(z) is the constant multiple(i.e., 2) of the function x°
d d d
— = —(22°) =2— 25 = 2. (5t

= i) = L) =200t =2 (504)

Y

15

[.- By using the power rule]
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e Derivative Sum Rule

If uw and v are differentiable functions of x, then
their sum is differentiable and its derivative is given by the rule

d (u+v) = du N dv
dz Y T dr T dn
Ezxamples:-
1. Find the derivative of y = 2* + 12x
Here, % = %(m‘l + 12x)
—d(4)+d(12) [Sum Rule of Derivative]
=@ 5 (122 um Rule of Derivative
d
= 423 + 12%(93) [By Power Rule]
= 423 + 12 [By Power Rule]

2. Derivative of Polynomzial Function:-

Consider the standard form of the polynomial function

p(x) = ag + a1x + axx® + azx® + ... + a,z"
whose derivative is given by
d d d d d d
p(x) = %(p(x)) = %(ao) + %(alx) + %(agﬁ) + %(@3.1'3) S + %(anx”)
d d d d d d
/ - _ . (2 (3 (e
p(z) = - (p(x)) d:p(ao) +a; o (x) + az— (x%) + a3~ (%) + o + andx(x )
[ By using the constant multiple rule]
d
p(z) = %(p(x)) = (0) + ai(1) + a2(22) + a3(3z?) + ......... + a,(nz™ 1)
[.* By using the power rule]
/ d 2 1
p'(x) = @(p(x)) = ay + 2a2% + 3a3x® + ......... + na,z"
3. Find i (x?’ + 422 — 5 + 1)
‘ dx 3
d d d d d
. (23 + 32 = bz + 1) = %(x?’) + o (32%) — 5%@) + %(1) =32+ 32 -5



Ezxamples:-
1.

Ezramples:-

Derivative of Product

If w and v are two differentiable functions, then

Differentiate y = (22 + 1)(2® + 3)
Here, y = (22 + 1)(2® + 3)

= Y= L@@ ) +3))
= {4 D) (@ 1 8) 4 %( 1)(a® +3))

= (2% + 1)(32?) + (2z) (2> + 3)
= 3z* 4+ 322 + 22 + 62
= 5x* + 322 + 6z

. Differentiate y = (v — 1)(2* + 2 + 1)

Here, y = (z — 1)(2* + 42 + 1)
dy d
dr dxd J

_ LA a. 2

= {(= 1)dw(x +x+1)+dx(x D(z*+z+1)}

=(x—-1)Q2x)+ (1)(2®+x+1)

=202 -2+ 22+ +1

=3 —x+1

(x—1)(2*+ 2+ 1)}

Derivative of Quotient

If uw and v are two differentiable functions, then
du dv
Ly Ydr Cdr
dz B v?
d x
Find —
R (1 - x))

Here,

d x
%(1—1‘)
A@)(1-a)—afi(1-2)
(1—z)?
1-(1-z)—-2(-1) 1
T G-ar  (-ap

17
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1.9 Chain Rules of Differentiation (Derivative of a Composite Function:)

"In this section we are going to discuss about the differentiation of the functions
which are combination(mathematically composition) of two or more than two func-

1—
tions. e.g., 1 /H—x, sin(z? + 1)”
x

Definition: Composite function:-
If f: A— Band g : B — C then their composition gof : A — C is defined as

gof (x) = g(f(x))
Note:- Here we can not define the composition fog
Now, we see that how to find the derivative of such function.

If f(z) and g(z) are to differentiable functions and their composition gof is defined then
its derivative is given by the following formula

~Llgof] = (@) f'(2)

For problems points of view, one can consider new label for inner function in this case
f(@),
let f(z) = u this gives
gof (x) = g(f(x)) = 95%)

d d du
Here, %[QOf(m)] = %[Q(Uﬂ = %{Q(U)} e
Examples:-
1. Find d_y if y = sin 2%
dx
Here,

Let us denote u = z2

So, y = sinu and u = 2?

dy _dy du _ d(sinu)d(z?)

de  du dxr  du dx

= cosu - 2x = 2x - cos x>

d
2. Find 2 if y = sin® z.
dx
Here,

Let us denote y = (sinz)? = u?

So, y = u? and u = sinx



dy dy du _ d(uv*)d(sinz)

de  du dxr  du dx

=2u-cosx = 2sinxcosx

e Find derivative of following function w.r.t x.

Ex:-1. 23+ 3%+ 33

d
Sol™:- Here, we want to find d—(:v3 + 37 + 3%)

X

d

%(a:3+3x+33)

_ d 3 d T d 3
= O+ )+ )
_ (3 _ (2x (23
=322+ 3%log3+0

= 322 + 3%log 3

Ex:-2. zsinzx

d
Sol™:- Here, we want to find d—(m sin x)

T
%(x sin x)
= di(x) sinx + xdi(sin x)
T T

=1-sinx+ xcosz

=sginx + xcosx

Ex:-3 tan

X

Sol™:- Here, we want to find di (tanx)

T\ @
d (tanx
()
xi(tan x) — tanz—(x)
dx dz

22
rsec’r —tanz
2

T

Ex-4 ¥ (e* — e ?)

d
Sol™:- Here, we have to find d—(eQ””(e”J —e™))
T

d
= i
d 3x d T
=& T &m

T

62366:1: - 623?673:)

19

(wv) = u@ + vd—u
 dx dx
"_L> _ _dx dx
v v?



Ex:-5 log(z? + 1)
d 2
Sol™:- Here, we have to find d—(loglo(x +1))
T

d
—(logg(a? + 1)

_d log, (2% + 1)
log, 10
1 d

1 1\ d,,
= —_— 1
log, 10 (x2—|—1) G

1 2z
~log, 10 \ 2241

Ex:-6 e%*

Sol™:- Here, we have to find d—(e‘“")
T

%(eax) = e“w%(ax) =e* a = ae™
EX:-7 sin® x
d, . 5
Sol™:- Here, we want to find d—(sm x)
x
d
%(sin?’ x)
= 3sin’z - —(sinx)

dx
= 3sin’z - cosx

tan 3z
31‘

Sol™:- Here, we want to find i <tan 3x)

dx 3%
i tan 3x
dx 3

d d
_ 3 %(tan?):c) — tan 33:%(3 )
(3)°

Ex:-8

20



d
37 (sec? 3:1:%(31')) — tan 3z(3% log 3)

(37)°
37 3(sec? 3x) — tan 3z(3" log 3)
N (37)
3%(3 sec? 3z — tan 3z log 3)
(37)?
(3sec? 3z — tan 3z log 3)
338

1.10 Derivative of the Inverse Functions:-
Here we consider the following two formulas:-

od(Si_l ) = !
N g

—1

Vi

° 1

(cos™tz) =

dz

Ex:-1 Find di (S.in_1 £)

" a
Sol™ : — Here, we want to find
e
1 dgs
1 (2)2 dx (a)
1 d
B 1_ (z_z) dx <§>

B 1
 VaZ — 12
Ex:-2 Find 4 (cos™ (423 — 31))
' dx
Sol™ : — Here, we want to find
d
™ (cos™!(4x® — 3x))
-1 d
— = (4a® -3
V1 — (423 — 3x)2 dl'( ! ™)
-1 d d
= —(423) — —(3
() - 2 (3)
( )
-1 d d

B V1 — (423 — 3x)?

21
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V1 — (423 — 3x)?
—3(4z* — 1)

V1 — (42 — 3x)?

(4(32%) — 3)

1.11 Derivative of an Implicit Functions:-

Sometimes when y is a function of x which can not be explicitly given in the form y = f(x),

but they are related by F(z,y) = 0. i.e., F(x, f(z)) = 0.

e.g.,

2 +y* = wy.

Exercise:- Find d_y’ if
dz

Ex.1.

3+ y* = 3axy

d
Sol™ : — Here we want find d_y from the given equation 2 + y* = 3azy
T

Ex.2.

Sol™ : —

d
Applying T on both sides of the equation z3 + y3 = 3azy, we get

d, o 4 d
:%(:U +y3) = dx(3a9€y)
d, 4 d, . . d
%( )+£(y)—3a@(rcy)
dy d d
2 20Y _ a a
= 3z° + 3y 0 3a (dx(x)y—irxdx(y))
2 2 @Y dy
I _al1- -
=ty a( y—f—xdx))
dy dy
2 29 _ ay
=ty a<y+xdx)>
yQQ—ax@:ay—xz
dx dx
dy dy
2%y Y 2
=y o, AT =ay -
= (42— ar) % = (ay — 27
d_y_ay—x2
dr ¢ —ax
T +y =sinzy
dy . . .
Here we want find T from the given equation x + y = sinxy

d
Applying T on both sides of the equation x + y = sinzy, we get

d d .
= %(X—i-y) = %(sm )
d d d
= L+ L) = cosry L (ay)
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d d

d
= %(33) + %(y) = cos xy@(xy)

dy d d
=14+ - =coszy <@(:c)y + 90@@))

d d d
=1+ d_i = ycosxy%(:c) +xcosxy%(y)

d d
=1+ & _ ycosnyra:cosmy—y

dx dz

d d
=1+ & ycosxy—i—xcosxy—y
dx dx

d d
= el —:lrcosa:y—y =ycoszy — 1
dx dx
dy
= d—(l —zcoszy) =ycosxy — 1
x

dy ycosxy —1
dr 1—xzcoszy

Ex.3. ¥ + e¥ = e* 1Y

d
Sol™ : — Here we want find %Y from the given equation e* + e¥ = e* 1Y

dx

d
Applying e on both sides of the equation e + e = e”™¥, we get

1.12 Derivative of a Function in Parametric form:-

A form of the function F(z,y) = 0 by the equations z = f(t) and y = ¢(t) is known as
parametric form.

Suppose x = f(t) and y = g(t) both are differentiable.

Then



dy  dy/dt
dr — dx/dt

eg., (i) z=t y=t>*+1, (ii) x =sint, y = cost
: . dy ,
Exercise:- Find o for the following:
x
Ex.1. z=cos’t,y = sin®t. te(0,5)

Sol™ : — Here, the given equations are in parametric form, t is a parameter.

x=cos®t, y=sint

dy  dy/dt
So, here — =
O N G T da/dt
d d d
Next,y = sin®*t = d—‘g = %(siHS t) = 3sin’t - %(sin t) = 3sin’t - cost
And
r=cos’t = dv_ i(cos?’ t) = 3cos’t - i(cost) = 3cos?t - (—sint) = —3cos?t - sint
dt dt dt
dy 3sin®t - cost sint
So, == = — = = —tant
dr  —3cos?t-sint  —cost

Ex.2. x =a(l —cosf),y = a(d — sin ). a#0,0 € (0,m)
Sol™ : — Here, the given equations are in parametric form, 6 is a parameter.

x=a(l—cosh),y =a(d —sinb)

dy  dy/do
h _— =
So, here 0= u /e
. dy d :
Next,y = a(f —sinf) = — = —(a(f —sinf)) = a(1 — cosb)
dt dt
And
dr d . .
r=a(l —cosf) = pri E(a(l —cosf)) =a(0 — (—sinfd)) = asind
S dy a(l —cosfl) 1-—cost
“dr = asm@  smd

1.13 Exponential Differentiation:-

We have noted earlier that in the formula table that

24
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d . .
Can we apply the formula to get e [esmﬂ ?
x

The answer is yes, we can do so.

Let see that as follows:

: d
Example:- Let y = [esmﬂ then find d_y
x

In the present example two functions are composed, namely exponential function (e*) and

sin
So,
dy d . : d, . : :
el [esine] = esine. d—(smx) = T . cosx = cosx - M
x x T

1.14 Logarithmic Differentiation:-

We have noted earlier that in the formula table that

d 1
logz) = —
(logr) = —

dx

d .
Can we apply the formula to get . [(z)sme] 7
T

The answer is yes, we can do so.

Let see that as follows:

Exercise: Find the following:
Bxl o (s07)
Sol™ : — Here, we have to use "Log” to get the derivative.
First we let y = 25

Take ’log’ on both sides, we get,
= logy = log(z)¥"*

= logy =sinxlogx

d
Differentiating with respect to x, i.e., applying e on both sides, we get,
x

d d , .
= %(log y) = %(smxlog x)
1d d d
= gd_z — sin g;%(log 33) —+ log af—dw (sin QZ)



1d 1
= - —ginas + log z(cos z)
d x

ydx
ldy sinzx
= —-— = +cosx logx
y dx x
dy [sinx ]
— =y +cosz logx
dx
dy . {sinx ]
= 2 = gSinz +cosz logx
dz x

d
Ex.2. e ((sinz)® + x°%%)

Sol™ : — Here, we take y = (sinx)® + x%*
COS T

and u = (sinz)*, v==x

Hence, y =u+v

dy du dv
We k that — = — + —
e know tha I dr + I
d
So, it is enough to find N ond 22
dx dx
Here, we have to use "Log” to get these derivatives.
First we let v = (sinz)”
Take ’log’ on both sides, we get,
= logu = log(sin x)*
= logu = xlogsinx

d
Differentiating with respect to x, i.e., applying T on both sides, we get,
T

d d
- d—(log u) = —(xlogsin x)

x dx
1d
= Eﬁ = x%(log sinz) + log sin xﬂ(x)
1d d
= aﬁ = xsinx%(smx) + logsinz - 1
ldu xcosx .
= + logsinx
wdx sin x
du T COoST .
— =u [ - + logsinz
dx sin x
du ) z .
= = (sinx)” [ cot z + log sin 7
x

Next, we let v = 5%

Take 'log’ on both sides, we get,



Ex.3.

Sol™ : —

COos T

= logv =logx

= logv = coszlogx

d
Differentiating with respect to x, i.e., applying T on both sides, we get,
x

d
= %(log v) = %(Cosa:log x)
1dv d d
-2 - —(1 log z—
= cosxdx(ogx)+ oga:dx(cosx)
1dv .
= —— =cosx— +logz - (—sinz)
vdx x
ldv cosx _
I —sinz -logx
vdx x
dv cos T )
:>—:v[ —smx-logx]
dx
dv cosx i
= _ — geosz [ —sinx - logx]
dx x
dy du dv
H —=——+
N G T dx - dx

COS T

= d_y = (sinx)” [z cot z + log sin x| + 25 [
X

—sinx - log x]
x

d
(@ + (Va)T) 2 >0,
Here, we take y = zV? + 205

and u = zV*®, v = (/)"

Hence, y =u+v

dy du dv

k hat -2 = — + ——

We know that o dx+dac
So, it is enough to find au and @
dx dx

Here, we have to use "Log” to get these derivatives.
First we let u = 2vV®

Take ’log’ on both sides, we get,

= logu = logzV*

= logu = v/zlogz

d
Differentiating with respect to x, i.e., applying T on both sides, we get,
x

d

d
2 (logu) = 2 (/71
= dx(ogu) dx(\/f og )

27
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1du
2 i log 17—
o z7 (logz) + gL (V1)
1du 1 1
22 Jre 4] o
udx \/Ei_’_ oer 2\/x
ld_u ] log x
wdr 2\/x
du log x
bk I =Rk

iz u{ 2\/5}
du log x
= — VT

T d " [ 2\/5]

Next, we let v = (1/z)*
Take ’log’ on both sides, we get,
= logv = log(\/)*
1
= logv =zlog\/x =x - §logx

d
Differentiating with respect to x, i.e., applying e on both sides, we get,
T

= %(logv) = %%(35105%1')
%Z_Z = % [x—(logm) + loga?d—@)}
e
%Z—;} = % [1+ log z]
= Z—Z :v% [1+ log x]
Z_Z — (\/g)x [1+ log z]
du d
Hence, dy _d_z d_:;
= Z—z — pV® {1 + 120%} + (\/f)x [1 +loga]
dy _ _logz

EXAMPLE: If 2¥ = ¢*Y then prove that — =
dx  [logxe]?
Solution: Here, we need to take log on both side of the given equation x¥ = e*7¥
ie., logzy =loge*™¥

= ylogz = (x — y)loge

= ylogzr = (x —y) [Because log e=1]



Ex-1.

Sol™:-

29
=vylogr +y==x

= y(logz +1) ==z

X

Sy=—"
Y (logz +1)

d
Applying 7 on both sides we get,

d d
dy %(x) ~(logx + 1) — x%(log:zz + 1)
dr (logz + 1)2

1
dy 1-(logx+ 1)—17;

do (logz + 1)2
dy logzx+ 1-1
dr  (logz + 1)2

@ B log x
dr  (logz + 1)2
dy log x

dz ~ (logz + loge)?
dy  logz

dz ~ (logze)?

EXTRA EXAMPLES

Jr+6—2x+4
2 —4

Find lim
r—2

Here, the given limit

oV +6— 2 +4
lim

z—2 x2 —4
iy VA0 V2214
a xl—% 2 —4

*.* Multiplying denominator and numerator by
term” (z + 6)%/3 + (z + 6)Y/3(2x + 4)'/3 + (22 + 4)'/3” And using the result
(a —b)(a® + ab+ b*) = a® — b°

.

g

Vr+6— 20 +4 ((2+6)3+ (24 6)13 (20 +4)Y3 + (22 + 4)2/3)

= lim .

T2 2?2 —4 ((z 4+ 6)%/3 + (z + 6)1/3 (22 + 4)V/3 + (22 4 4)%/3)
! r+6—(2x+4) 1
= ]11m .
72 2 —4 ((z +6)2/3 4 (x4 6)/3(2x + 4)1/3 + (2z + 4)2/3)
—r + 2 1

A T [ ) R (P R P S LE TR | DR CTR )



Ex-2.

Sol™:-

Ex-3.

1 1

252 —(2+2) (x4 6B+ (z+6)/3(2z + 4)1/3 + (2x + 4)2/3)
. y 1
= 11m - 11m
252 —(x +2) @2 ((z+6)%3 + (x4 6)1/3(2x + 4)V/3 + (2z + 4)%/3)
1 1

—(242) (24623 + (2+6)1/3(2-2+4)1/3 1+ (22 + 4)2/3)

1 1
T =4 ((8)25 + (8)1/3(8)1/3 + (8)273)

1 1 1 1

—4 (4+4+4) 4(12) 48

23 —3x2 -2+ 8

Find lim
z—2 23— 3x — 10
Here, the given function is a rational function whose limit is evaluated as

. 3 2
933—31‘2—2{[—|—8_i1_%(x —32* — 22+ 8)

203 —3r —10  lim(223 — 3z — 10)

r—2

Observe that lim
r—2

But, we can see that
lirri(x3—3x2—2x+8) =22-3(2)0?-2(2)+8=8-12—4+8=16—-16=0
T—

lir%(2x3 —3r—10)=2(2>-3(2)—10=16—-6—-10=0
T—
Next, we can factorize the polynomials 23 — 322 — 2z + 8, 22% — 3z — 10 as follows

23— 322 —2x+8

= (23 — 222 — 2® + 22 — 42 + 8)

=2?(r—-2)—x(x—-2)—4(x—-2)= (v —2)(2* —x —4)

And similarly,

223 — 3x — 10

=223 — 42% + 42 — 8z + 52 — 10
= 22%(x — 2) + 4x(x — 2) + 5(z — 2)
= (z — 2)(22® + 42 + 5)

So, now finally the required limit is

. (=2 (2* —x—4) . (=2 —4) 22 —2—4 -2
lim = lim = =
=2 (x —2)(222 + 4o +5)  2—=2 (222 +4x+5)  2(2)2+4(2)+5 21

S22 —3x-9
2 —8x + 15

Find lim =
xr—

30



Sol™:-

Ex-4.

Sol™:-

Here, the given function is a rational function whose limit is evaluated as

3.2 o lim (23 — 2% — 3z — 9)
Observe that lim A =223
253 12 —8x + 15 hHil))(SC2 — 8z + 15)
z—

But, we can see that
lir%(x3—x2—3x—9):33—(3)2—3(3)—9:27—9—9—9:0
%

lim (22 — 8 + 15) = (3)2 — 8(3) + 15 =9 — 24+ 15 =0

Next, we can factorize the polynomials 23 — 22 — 3z — 9, 2% — 8x + 15 as follows

-2 —3r—-9

= (2% — 32* + 22> — 62 + 3z — 9)

=2%(r—3)+2z (x—3)+3 (z —3) = (z — 3)(z* + 22 + 3)

And similarly,

12 —8r + 15

=22 -3z —52+15
=z(x —3) —5(x — 3)

= (z =3)(z = 95)

So, now finally the required limit is

hm(x—3)(x2+2x+3)_im(x2+2:c+3)_32+2(3)+3
=3 (z—3)(x—5) @23 (r—5) 3-5 -2

. A+ T—+3x+5
Find lim
=1 4/3x +5 —+/bxr + 3

Here, the given limit

VT H+T—3x+5
lim
v=>14/3x +5—+/br +3

 lim Ve+T7—v324+5 (Vr+T74++v3x+5) (V3z+5++bx+3)

X X
=132 +5—+vbr+3 (Ve+T7++vV3x+5) (V3x+5++br+3)

31

[Multiplying denominator and numerator by conjugate surds|

r+7—Bz+5) V3r+5++Vbx+3
lim X
e=13c4+5—Br+3)  Voe+T+3rx+5

.+ T7—3x+5) o A3r+54++bx+3
= lim X lim
e=132 45— (5 +3) ==l \Jr+T+32+5




Ex-5.

Sol™:-

Ex-6.

Sol™:-

32

22 +2 . 3xr+5++Vbr+3
im —— X lim
a—=1 =20 4+2 2=l \Jr+T74+/3x+5

. V3+54+vV5+3 28
=lim1 x = =
=1 T+ T+/3+5 28

o Vo +1—2x -2
Find lim
v=3 /3 + 7 —/br + 1

Here, the given limit

Vo+1—+2x—2
im
v=3 /3 + 7 — /br+ 1

o Vr+1—=v2x—-2  (Vx+14+V20-2) (V3x+T7++Vbr+1)
= lim X X
e=3y3x+T7—vbr+1 (Ve+1++v2x—-2) (V3x+T7++bx+1)
[Multiplying denominator and numerator by conjugate surds|
. or+1—-02x—-2) V3 +T7++Vbr+1
= lim X
e=33x+7—br+1) Vr+1++22 -2

. ox+1l1—(2x-2) . V3x+T++/br+1
= lim X lim
e=3304+7— 5x+1) =3 o +1++22—2

—x+3 y im\/3:c+7+\/5gc+1
e=53 =20 4+6 23 Jr+1++22—2

1 =43 N3+ T+Vbr+1
= lim - X lim ———— x lim
z—3 2 z—=3 —x + 3 z—3 \/$+1+\/2x_2

Lo V3(3)+7++/5(3) +1
2 V3+1++/2(3)—2
_1V16+V9
2Vt VE
1 443
=5 55 =

[\
[\
[\

7
8

Find lim Y8~ % - VI~ 2
z——1 3 +1

Here, the given limit

V8 —x —/T—2zx

z——1 3 +1

V88— —T—22
= lim
z——1 341




Ex-7.

Sol™:-

33

[Multiplying denominator and numerator by conjugate surds|

. 8—x—(7T—2x)
= lim X
zo—1 3 +1 V8 —x + 7 —2x

. (z+1) . 1
lim x lim
ao—1 234+ 1  25-1/8—x+7 -2
: (x+1) 1
lim X
e=w-1(z+1)(22—2+1) /S+1+7+2
. 1 1
= lim ————— X =
a1 (22 —x+1) 6
1

1
:—X_:_
(I+1+1) 6 18

3

2

—xt—x—2
Findlimz a: *
=2 2 —6x+8

Here, the given function is a rational function whose limit is evaluated as
Ob that lim & = =2 lim(2* ~a* ~z —2)
serve that lim =
v=2 12— 6x+8 lim (22 — 6x + 8)

r—2

But, we can see that
lim(z? — 2?2 —2—2)=2—(2)? - (2)—2=8—-4-2-2=0

—2

lim(z? — 62 +8) = (2)?—-6(2) +8=4—-12+8=0

—2

Next, we can factorize the polynomials 2® — 22 — x — 2,22 — 62 + 8 as follows

- —x—2

= (23— 222+ 2 - 22+ —2)

=2}z -2)+z(z—-2)+1(z—-2)=(z—2)(z*+z+1)

And similarly,

2% — 62 + 8

=% —2x —4x + 8
=(zx—2)(z—4)

So, now finally the required limit is

N 2 2 2
lim(x 2)(x" + 2+ 1) :hm(w +:z;+1):2 +241 7

22 (z—2)(x—4) e=2  (z—4) 2—4 —2




Ex-8. Find lim

Sol™:-

34

2 —2rx+1
=133 — 322 + 72 —5

Here, the given function is a rational function whose limit is evaluated as
lim(2? — 22 + 1)

x? — 2z +1 1
Observe that li =
serve that lim —z——7—="—+ lin%(xi” — 322+ 7z —5)
T—r

But, we can see that
lilri(xQ —-2x4+1)=0
T—

il_}ﬂi(x?’ — 3224+ Tr—5)=0

Next, we can factorize the polynomials 22 — 2z + 1, 2% — 32% + Tz — 5 as follows
r? —2r+1

=(z—1)?

And similarly,

23 =322 +Te -5

=2 —2?— 222+ 20+ 52 —5=0

= (z —1)(2* — 22 +5)

So, now finally the required limit is

. (v — 1) : (z —1)
lim =lim-——-—"—
e=1 (x —1)(2?2 — 22 +5) 2-1 (22— 22+ 5)
. (x—1) 224241 7
= lim = = —
a—1 (22 — 22 4 5) 2—4 -2
. sin2z
EX.9 Evaluate lim
z—0 31
) . sin2z . sin2z 2
Sol™:- Here, we use the above mentioned result, lim = lim - =
=0 3z z—0 2% 3
. sin2x . 2
= lim lim —
200 2 =03
2
3
EX.10 Evaluate lim —r
rT—T T — T
sin x sinx

Sol™:-

Here, we use the above mentioned result, lim = lim
T—T T — =T T — T

Taking y =z — 7 so as * — m = y — 0, hence above limit is transformed to



EX.11

Sol™:-

EX.12

Sol™:-

Ex.13 Evaluate lim
x—0

Ex.14 Evaluate lim

Ex.15

. sin(y + ) . sinycosm + sinmcosy
= lim ——= = lim

y—0 Yy y—0 Yy

3sinxz — sin 3z

Evaluate lim
x—0 :L‘3

Here, we use the above mentioned result(5),

. 3dsinz —sin3x

lim

z—0 3
4sin®

= lim
x—0 x3

. 3
. sin x
=4-lim
x—0 x
3

sinx

=4-( lim
x—0

—4-(1)* =4

sin(a + x) + sin(a — x) — 2sina

Evaluate lim
x—0 ,2132

Here, we use the above mentioned result(5),

lim

35

. —siny . siny
= lim = —lim =
y—0 Yy y—=0 Y

—1

sin(a + x) + sin(a — z) — 2sina I 2sinacosx — 2sina
= lim

z—0 1‘2 x—0

2sina(cosx — 1)

= lim
x—0 ;c2

(cosx — 1)

= 2sina - lim
x—0 :L'2

—(2sin?(z/2
= 2sina - im ( i (x/ ))
x—0 3;'2

: 2

= —4sina - lim M
z—0 xQ

e (sin(e/2))

= -4 sina - ilil’(l) W

= (- sina - lim —(sin(x/2))2
= e g T

= —sina

tanz —sinx
23

14+ cosmx

e—1 tan’mr

Obtain ixg' by definition.
dx

x2

" sin(a 4+ z) = sinacosx + cosasin
A g
vV
and sin(a — z) = sinacosx — cosasinx
\ - g

~~




d . (z+hpP—2* | 234+ 32°h+ 3zh? + hd — 23
n._ — 3 R 3 — —=
Sol™:- Here f(xz x ’d%:x 3 117,5% h ’llli% h
:lim?’xh—i_gxh +h = lim 322 + 3zh + h? = 3a?
h—0 h h—0

d
Ex.16 Obtain —
" at dz 2z + 3

Sol"™: Here, i 1 = limM
dv2x+3 t=z t—u
(2t +3)~t — (22 + 3) !

by definition.

= lim
t—x

— Iim (2z + 3) E_(Q%j—l— 3)/(2x + 3)(2t + 3)
t—x t— o

= lim —2(t — 2)
o (t — 2)(2x + 3)(2t + 3)

:%52(

(2t + 3)
2

2z +3)
— i -
e (2x + 3)(2z + 3)
-2

=1 =
tl—I)Ialj (21‘ + 3)2

36



UNIT-2 : Integration

"The concept of integration comes from the summation in fact, it is an infinite
summation in limiting situation. It is the inverse operation
of Differentiation.”

Topics to be covered:

2.1 Integration: Definition

2.2 Properties of Integration

2.3 Some standard Formulas of Integration.

2.4 Simple Examples of Integration

2.5 Method of Substitution for Integration(Trigonometric Substitution)
2.6 Integration by Parts Method

2.1 Integration:

Definition: p

If a function g(x) is differentiable and if d—g(:c) = f(x), then g(z) is called integral or
x

primative or antiderivative of f(x) and it is denoted by [ f(x) dx

2.2 Properties of Integration

(a) & (f f(a) dz) = f(2)

e.g., & ([sinz dr) =sinz
(b) [ f(x) +g(x) dz = [ f(x) dx+ [ g(z) dv

e.g., [(logz +sinz) de = [logz dv + [sinz dx

(¢) [k f(z)de =k [ f(x) dx, where k is a constant.

eg.,[22%de =2 [2%dx



2.3 Some Standard Formulas of Integration

No | Integrand f(x) [ f(x) dx
n+1
1. " a: +c
n+1
2. Ccos T sinx
3. sinx —CosS
4. sec? tan x
5. cosecr —cotx
‘ 6. ‘ secxrtanx ‘ sec ‘
\ 7. \ cosecx cot x \ —cosecx \
1 -1
8. m tan s
1 1 -1
9. @2 + 12 o tan (%ﬂ)
1 L
10. _— sin” " x
1 — 22
11. ; sin™! (5)
N ‘
‘ 12. ‘ er ‘ ev ‘
1
13. _— log(x + Va2 £ a?
o gz + )
1 1 r—a
14. — 1
2 — a? 2a 8 r+a
1 1 T —a
15. —— 1
a? — x? 2a 08 r+a
| 16. | tan | log | sec x| |
|17, | cot x | log | sin z| |
‘ 18. ‘ cosecx ‘ log |tan§ ‘
119. | sec | log|secx + tanz| |
20. o a
log, a
f'(x)
21. log | f(x)]
f(z)
Lf ()]
22. n.fl -
f@r s | MO
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EXERCISE: Evaluate the following integration.
Ex.l. [(2%2-3-5"=1)dz ,2>0

Sol™ : — Here we have to find [ (z%2 —3-5% — 1) dz

1
:/1’3/2(1513—/3-596(1.1'—/5(133

L(3/2)+1
= 35 dr—1
(3/2)+ 1 / vt
ZE(3/2)+1 5 5 |
T B2+l g B°
1'5/2 5T
—r 32
5/2 log 5 o8t
245/2 5*
T 3
D log 5 08T
3432244
EX2 (DT T e a0
NG
34322 +4
Sol™ : — Here, we want to find | rsr s dx
NS

= /x1/2[a:3 + 327 + 4] dw
= /:L’_l/2 [2%] + 27 Y2322 + 2 V2[4] du

— /x_1/2[$3] d:)s+/x_1/2[3932] d:l?+/if—1/2[4] dx

= / 2D g / 3271242 gy 4 / 4o~ Y2 dx

- /x5/2 dx+/3:c3/2 da:+/4a:1/2 dx

£(6/2)+1 £(3/2)+1 £(=1/2)+1
= +3 +4
(5/2)+ 1 (3/2) +1 (—1/2)+1
27/2 25/2 21/2

- 3 4
72 705 T

2072 65/2
_ 81/
- + 5 + 8
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Ex.3. [(sinz + e + 4% + 2*) dx

Sol™ : — Here we want to prove that [ (sinz + e* + 4% + z*) da

= [sinzdr+ [e* dv+ [47 doe + [ 2* dx
/ / / J

4 x®
+ -

:—cosz+ex+log4 3

Ex.4. f dx

422 +9

Sol™ : — Here we have to prove that f

1
422 +9

Using the formula

11 IR
~43/2 3/2
1 2t 1 2%
=—.—-tan  —
4 3 3
1 2w
= —tan = —
6 3
cosx
Ex.5. | ——d
* fcos:c—l .
Sol™ : — Here we have to prove that [ _S8T e
cost — 1

/ Ccos T cosr + 1
= X dx
cosz — 1 cosx + 1
1
:/ cosz(cosw + 1) s
cos2x — 1

/cos z(cosx + 1) 4
= x

sin?

= dx

cos® x + cos x
sin?

cos? x COS T
= —— dr + —— dz
sin? x sin? x

= /C0t2$ d:):+/cotx-cosecx dx

40
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= /1 — cosec’x da:—l—/cotx-coseca: dx

= /1 dw—/cosec% dz +/cotx~cosecx dx

=1z — (—cot z) — cosecx

= 2 + cotx — cosecx
EXERCISE:. Evaluate the following integration.

EX.1. [z +2dz, > -2

Sol™ : — Here we want to find [zvz +2 dx, = > -2

I=[ayz+2dx

Here, the above integral contains the term +/x + 2, so let substitution v/z + 2 =
t=>r+2=t"=>x=1t*—2

d d dx
— 2) = —(¢2 =9 =9
:>dt(x+ ) dt( ) = o t = dx = 2tdt

Using this into I we get,

I= /(t2 — 2)t(2tdt)
= /2(t2 — 2)t%dt
= /(2t4 —2t%)dt

= / 2t dt — / 212 dt

i 3
=2— — 2
5 3

But, we have taken t = /& + 2, so we have to substitute it back

2(VETD) - 2(WET D)

I=—-
5 3
r—1
EX.2. de,z > —4
f\/x+4
Sol" : — H have to find T = [ =L ¢
ol" : — Here we have to find I = x
va+4
Here the integrand contains the term v/« + 4, so take Vo +4 =1
d d dz
Sc+d=t sr=0"-4 = —(0)=—F—-4) = — =2t = dov=2tdt
v ! # =g Y 7 g v

Using this into the integral I, we get



1:/“2_#(%(&)

:/2(t2—5)dt
:/2t2—10dt
:/2t2dt—/10dt

2t3
== _ 10t
3

But we have taken t = v/x + 4, so we have to substitute it back.

2(vx +4)?
[:%_10.%4_4

1 —tanz

EX3. | ——
fl—i—tanx

1 —tanx
1+ tanz

1— sin x
I= /—x dz
] 4 sinz

CcosxT

:/(cosa:—smx)/cosa: i

(cosx +sinz)/ cosx
:/(cosx—s?n:c) I
(cosz + sinz)
Let t = cosz +sinx = dt = (—sinz + cosz) dt = dt = (cosx — sinx)dx

Sol™ : — Here we have to find I = [

Using this into I, we get

= [

I =logt = I =1log(cosz + sinz)

|
e2r — 1

dx

EX.4. [

e* +1
d
1 T

Sol™ : — Here we have to find I = [ 5
et —

2x 1
:/e + da
er — 1

:/€—$<€2x+1) i

e (e?r —1)




Let e —e @ =t = (" —e *(—1))dx =dt = (e*+e *)dx=dt

Using this into I, we get,

dt
I= /7 =logt = log(e” —e™™)

EX.5. [2% - (141logz) dx ,2>0

Sol™ : — Here we have to find [ 2% - (1 +logz) dx

]:/x4x-(1+logx) dx
= /x3"’-x$ (1+logx) dz

- /3;35” “[2® (1 +1logx)] d

Here, we can see that,

For t = x*

dt
Next to find e we have to use log as follows,
x
t=2" =logt=Iloga®™ = logt==xlogzx

Now differentiating with respect to x, we get,

1 dt d
2L = rl
t dx dx(x 0g 7)

dt dx d
= o= t {%(log x)+ x%(log x)}

dt [ 1]
= — =2"|logx +2—
dx x
= a_ [log v + 1]
7 = 2"[logz

= dt = x"[logz + 1] dz

Now,
I= /(a:“”)?’[xx(logqu 1)] dz

using the above substitutions into I, we get,

I:/t3dt

[_t4_(xx)4_x4x
4 4 4

sinx

EX.6. f dx

sin 3x

43



44

sin x

Sol™ : — Here we have to find [ — dx

sin 3z

[,
sin 3z

We know that sin 3z = 3sinz — 4sin® z, so using this into above integral we get,

I:/ ' sinx _ I
3sinx — 4sin° x

Dividing numerator and denominator both by sin®#, we get,

I / ( (sinz)/(sin® ) Iy

3sinz — 4sin’®z)/sin’ z
/ cosec’x p
= —— dx
3cosec?x — 4
Now, we take the substitution cotz =t = —cosec’z dx = dt into I,we get
I / cosec;x dr — / — dt
3(1+cot?*z) —4 3(1+¢t%)—4
B / dt
B 3+3t2 —4

B / dt
N 3t2 — 1
Now, by the formula

dx B 11
2 —a2 2 8

Tr —a

r+a

we get,

1 o |1 (1/V3)
32(1/v/3) & t+(1/4/3)
__@1 V3t —1
"6 VBt

1 V3t —1
= — log
2v3 V3t +1

n

(log z)

EX.7. f— dr,x >0

T
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(log )"

Sol™ : — Here we have to find [ dr,z >0

I= / log2)" 4,

T

:/(logx)” : i dx
= /(log x)"- % (logz) dx

Now, using the formula

/[f(x)]nf’(x) dr — M

n+1
we get,
[lOg l’]n+1
n+1

2.5 Method of Trigonometric substitution in Integration

SOMETIMES USING PROPER TRIGONOMETRIC SUBSTITUTIONS WE CAN
TRANSFORM GIVEN INTEGRAL INTO A SIMPLE FORM WHOSE INTEGRA-
TION CAN BE EASILY OBTAINED.

(a) List of Some Trigonometric Identities Useful in Substitution

| No. | Trigonometric Identities |
| 1. | sin®f+cos’f=1 |

2. sec?f —tan®6 =1 \

3. | cos20 = cos?6 — sin? 0 ‘

4. sin 20 = 2sin 6 cos 0 ‘

1-— 20

5. sin?6 = 2T eoseY
2

1 20

6. cos? ) = ﬁ%
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(b) List of Some Trigonometric Substitutions

| No. | Integrand Involving the term | Substitution |

1. Va2 — x? ‘ T =asinf ‘
2. Va2 —a? ‘ T = asect ‘
3. Va2 +a? ‘ r=atan6 ‘

4. VI +aorxr—a ‘ x = acos 20 ‘

‘ r = asin’f ‘

Va—1z
6. Va+z \ r = atan’f ‘

7. | V2ar — 2% = a2—(a:—a)2‘a:—a:asin0‘

EXERCISE: Evaluate the following integration.

EX.1. [2? Vab —a8dx  (a>0)

Sol™ : — Here we have to find [ 2? va% — 28 dx

[:/332 vab — 26 dx

Here, by observing the term +/a% — 26 and the above list of the substitutions we
should select the substitution 23 = a®sin @

OR

Using the formula sin? 6 + cos? 6 = 1
that implies cos?f = 1 — sin? 6
Comparing with cos?f = a% — x
= 1—sin’f ~af (1—:’3—2)
a
= sin?f = g—i
so, the appropriate substitution is x

6

3 = g3sinf

1
= 322 dr = a’cosf df = 2% dx = §a20080 do

Here,

I:/ Vab — 28 (27 da)

Using the above substitutions into I, we get
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I:/ vV ab — absin? 6 (%a‘%os@d@)
1
= §/ \/a_ﬁvl —sin%6 a®cos 6 db
1
= §/ a*Vcos? 0 a® cosf db

3

6
:%/ cos® 0 db
B /1+Cos20

= 1a3a3/ cos B cosf db

14 cos26 df

3
a
:€{ 1d6+/cos29d9}

ab sin 26 6 2sin 6 - cos 6
0+ g S0 cost

=% @
6 2 6 2

= % [0 + sin 6 - cos 0]

3
But, we have taken 22 = a®sinf) = sinf = —

a3
a® — x5 1
= cosfh =+/1—sin’fh = 1——: = —+/ab — 26
ab asd
3
z x3
Amdsm@-—3 = @ =sin~ 1—3
a a
Hence,
o T N
[=—|sin —+ —-—=Va’ -1z
6 ad  ad ad

1

B2 =

dr (0 <z <2a)

1
Sol™ : — Here we have to find [ ——— dx
vV2ax — x?

1
[= | ——— dx
/\/an—x2

Here, we the given integral contains

V2ax — 22 = Va2 — a?® + 2ax — 22 = \/a2 a? — 2ax + x?)

= /a® — (22 — 2azx + a2) = \/a®> — (v — a)?



EX.3.

Sol™ : —

So,

I:/mdx

Next, using the substitution z — a = asinf
= dx = acosf db

Hence, we get,

acosf db

1
1=
a? — a2sin’ 6
1
= | ———acosf db
/a\/l —sin%60

:/ 1 acosf db
acosf

:/d0:9

r—a T —a
But we have taken £ —a = asinf = sinf = =0 =sgin"! ( )
a a
So,
T—a
I:sin1< )
a

de 1z €(0,3)

3—x
x

J

Here we have to find f - dx
x

V33—
I = / dx
x
Here, observing the given integral it contains the term /3 — x
x
Using the formula cos?# = 1 — sin? 6 comparing with 3 — x = 3 <1 — §>
We get,the proper substitution % =sin?f = x = 3sin’0

= dxr = 3(2sin6 i sinf) df = dx = 6sinf - cosf db.
do

Using the above substitution into I, we get,

(6sin@ - cosd d)

j /\/3 3sin? 6

3sin% 6

/' 1—s1n 9) 6 cos 6 dob

3sinf
6\/_ / v cos? 6

sin 0

cos 6 db

48
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= 2\/_/(30800089 do

sin 6

o [0

sin 6

_2\/—/1—81n 0

sin 0

sin” 0
_2\/_{/51110 a6 = /sm& }
=2V3 {/ cosect d@—/sin@ d@]

=2V3 [log

tan g‘ — (—cos 0)}

=2V/3 [log

0
tan 5‘ + cos 9]

But, we have taken z = 3sin’6 = g =sin?f = \/g =sinf

x
= 0 — g -1 —
S1n \/g

So, using this, we get,

I=23 {log

in~!,/ .
tan #‘ + cos (sm_1 %)]

2.6 Integration By Parts Method

> Rule of Integration by Parts:

If
(i) the two functions u(z) and v(z) are differentiable functions

(i) o/, v’ are continuous then

Juvde=u[ vdr— [(Lu) ([ vdz)ds

> Note:-

1. While using the above formula we have to be careful about the choice of u
and v, so that the integration should be easier.

2. For the choice of the function "u” we follow the priority order : LIATE (L:
Logarithmic function, I: Inverse function, A: Algebraic function, T: Trigono-
metric function, E: Exponential function.)

Log(log x,log(x + 1),...)

> Inverse(tan™! ;€08 ~Lsin™!, )

> Algebraic(1,z, 2% 1 +z,2 + Tw, 23, ....)
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> Trigonometric(sin, cos, tan, ...)
> Exponential(e®,e*™, ...)

3. Sometimes we use the method of integration by parts to get integrals of one
function only. In that case we take v=1.

Thus we will obtain integrals of log z,sin™! z, tan™"

x, ... using this method.

>EXERCISE:- Evaluate the following integration.

EX.1. [ze” dx

Sol™ : — Here we have to find fxez dx

We use integration by parts method.

I:/xe“dx

Here, the above integrand is the product of two functions x and e”, so we use the
integration by parts method.

By the priority order LIATE,
here A: Algebraic function x, comes before the E: Exponential function e*

So, we have to select u = x and v = e
Using them into the formula

Jovaemu (foas) - [(Lw)([o) w

We get,

I=zxze®—e"=¢e"(x—1)

EX.2. fmcosx dx

Sol™ : — Here we have to find [z cosz dx

Let I = /xcosw dx

Here, the above integrand is the product of two functions x and cosx, so we use
the integration by parts method.
By the priority order LIATE,
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here A: Algebraic function x, comes before the T: Trigonometric function cos x

So, we have to select © = x and v = cosx
And using them into the formula,

Jorvarmu (foas) - [(Lw)([on) w

we get,

[ossires (feossas) - [ (L) ([eoris) i

_ a(sing) — /(1) (sinz) dz

= z(sinz) — /(sin x) dz
= z(sinz) — (— cosx)

I =zsinx +cosz
EX.3. [zlogz dx

Sol™ : — Here we have to find [ zlogz dx

LetI:/x log x dx

Here, the above integrand is the product of two functions z and logx, so we use
the integration by parts method.

By the priority order LIATE,
here L: Logarithmic function log x, comes before the A: Algebraic function x

So, we have to select u = logx and v =z
And using them into the formula,

Jovarmu (foas) - [(Lw)([on) w

we get,

/log:c~:cd:c:10gx (/xd:c) —/(%(logx)) (/:cd:v) dz
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x? 122
2 51T 90
x? x?
= glogx -7
2
I = %[210g3} —1]

EX.4. [(2+ 7z)cosbx dx

Sol™ : — Here we have to find [ (24 7x)cos 6z dx

Let I = / (24 7x) cos 6z dx

Here, the above integrand is the product of two functions (2 + 7x) and cos 6z, so
we use the integration by parts method.

By the priority order LIATE, here
A: Algebraic function (2 + 7z), comes before the T: Trigonometric function cos 6x

So, we have to select u = (2 + 7z) and v = cos 6z
And using them into the formula,

Jovaemu (foas) - [(Lw)([o) w

we get,

/(2—1—730)-C086x dz = (24 Tz) (/0086:10 dm) —/ (d%(um)) (/COS6$ dx) da
= (2+7x) (Sin66x ) - / (0+7) (Sm66x> dx

1
:6(2+7x)sin6:c —g/sin&c dx

1 7(—cosb6
= 6(2 + 7x)sin 6 — 6%

1
I= 6(2 + 7z)sinbr + %COS 6z
EX.5. [logx dx

Sol™ : — Here we have to find [logz dx

Let I = /log:c dx
We don’t have any formula for the integration of log x
We can see the log z as

(logz)-1=u-v
So,
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]:/(logx)-ld:v

Here, the above integrand is the product of two functions logx and 1, so we use
the integration by parts method.

By the priority order LIATE here
L: Logarithmic function log z, comes before the A: Algebraic function 1

So, we have to select u =logx and v =1
And using them into the formula,

Jovaemu (o) [ (L) ([ o)

we get,

/1ogx~1 dr = logx (/1 dx) —/(%(mgx)) </1 d:z:) dz

1
:(logz)x—/g-xdx

:xlogx—/l dx

I =xlogx —x

EXTRA EXAMPLES :

EXERCISE: Evaluate the following integration.

(1) [(E4+2+2"+a"+ax) do

(2) f\/ﬁ da

COS 2%

dx

sin? 2x

a+bcosx
— 3 ar
sin® x

(5) f(ealogx+€xloga) de

6) [VI—coszde, O<z<m

Method of Substitution

(7) [tan®z dx

x
d
1+ 26 v
e:):
d
e2r 41 v
dx

1 —tanzx



e

Use Integration by parts method:

(12) [ (log)? dx
(13) [2%e* dx

(14) [2*tan'a dx

T

(15) [ ——— da

1 —cosx
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Definite Integration

"We know integration (in fact antiderivative) as an inverse operator of differenti-
ation. From Historical point of view, the concept of Integration has its origin to
the problem of finding area of a plane bounded region. The definite integral was
expressed as a limit of certain sum expressing the area of some region. Later on the
link between apparently two different concepts of differentiation and integration was
established in 17" century by well-known mathematician Leibnitz. The relation is
known as Fundamental Theorem of Integration.”
Topics to be covered

3.1 Definite Integration: Definition

3.2 Fundamental Principle of definite integration

3.3 Working Rules of Definite integration.

3.4 Statements of some useful results about definite integration.

3.5 Application of Fundamental Principle of definite integration

3.6 Integration by Parts method for Definite Integrals.

Reference book : Gujarat State Board of School Textbook
Standard - 12 MATHEMATICS - 2,(CHAPTER - 7))

3.1 Definition: Definite integration.
The indefinite integral in a limiting situation

is known as definite integral a function f(x).
More precisely we can define it as follows:-

b—a

Divide the interval [a, b] into n-equal parts the length h =
n

Then consider the sum

n—1
S = lim h»_ f(a+ih)
=0

n—oo

is the value of the definite integral

[ #a) as

a
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Hence,

b n—1

/f(x) dz = Jlrgthf(aJrih)
=0

a

3.2 Fundamental principle of definite integration

Haistory:
THIS PRINCIPLE ESTABLISHES A RELATION BETWEEN THE PROCESS OF
DIFFERENTIATION AND INTEGRATION. NEWTON AND LEIBNITZ INDEPEN-
DENTLY OBTAINED THIS RESULT. WITH THE HELP OF THIS RESULT WE
CAN OBTAIN THE DEFINITE INTEGRAL OF A FUNCTION OVER AN INTER-
VAL BY TAKING DIFFERENCE OF VALUES OF ITS PRIMITIVE AT THE GIVEN
INTERVAL.

Statement: If a function f is continuous on [a, b] and F' is a differentiable function on [a, b] such that

d
[F(2)) = f(z) then

[ f@)de = (P}l = F) - Fo)

Example: Using the fundamental principle of definite integral evaluate: [(2? + 3)dz
0
1 1

1 1
Sol™: [(a* + 3)dx = [(2?) de+ [3 dx = [x—;}o+3[x](1):%+3:§
0 0 0

3.3 Work:'mg rules of deﬁnzte integration
>> f f(z) dz = — f f(z

> fa f(z) dz = 0.

> Fora<c<bthenfbf(x)dx:fcf(a:)dx —i—fbf(x)dx

a

S [ @) 4 g(@)] de= [ [(a) de + [ g(x) du

b c
> f k f(z) de =k [ f(x) dx, where k is a constant.

3.4 Statements of some useful 'r’esults about deﬁnzte znteg'ratzon.

— If f(x) is even function then f f(z) de =2 f f(z

—a

— If f(x) is odd function then [ f(z) dx = 0.



- g" fla) dr = g‘ f(z) du + 6[ F(2a— ) da.

3.5 Application of Fundamental Principle of definite integration.

Exercise: Evaluate the following integrals.

L 22 +3
1
()0f5:c2—|—1
L'22+3
Sol.: H t to find dx
ere we want to fin f52+1
L2x+3 3
Let I = der = | ————— d d I I
l=]saqd 0f5x2+1 G o) 1 b

1 2g

1
3
L= ——4d I, =
! f5x2—|—1 “ ? J5x2+1

0

[log (527 —i—l)}
= £ [lo8 (5(1)* + 1) ~log (5(0)" + 1)

log 6 — log 1]

ot =

1
: [log 6 — 0]

1
= — [log 6]

L 5[

Next,we evaluate I




By the formula: [ £ =

$2+a2

2:

1 tan™! (), we get,

3 1 1 x
5 v (m>
= &5 tan~! (\/5x>

5

= % tan ™ <\/5m)

So,
Izjl—i-lgz
2 &in20
do
Of (14 cosf)?

jus
2

Sol.: Here we have to evaluate [

o (14 cosh)?

log 6] + % tan™! (\/53(;)

1
5

sin’ @

do

jus

2

sin? 6
Let [ = _—
et / (14 cos6)? d0

0

jus

/ sin 6 2
= - df
1+ cosf
0

jus

2 . 2
_/ 2smg~cosg @0
= 9

2 cos? 5

0

3, 2
:/(sm%> 20
Cos 5

58
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2048, 1<z<?2

(3) Evaluate 1f4f(f'7) dz,where f(z) = {6:1:, 2<x<4

Sol.: Let,
4
I = /f(x) dx
1

Here, we can see that the lower limit is 1 and upper limit is 4 and the function f(x) is
defined on two parts 1 <z <2 and 2 <z <4.
Using the working rule of definite integration, we have

1:/14 (@) dm:/j (@) dx+/24 () do

2 4
=>I:/ (2:U+8)d$+/ 6z dx
1 2
2 2 914
= I= 22 rse| + (6%
2 1 2 |,
= [x2 + 8xﬁ + [SxQ];L

= T=[(22+8-2) - (P +8-1)] +[(32%) - (3-4%)]

= [=[20—9]+[12—48] =11 — 36 = —25

Exercise: Fvaluate the following integration.

L dx
EX.1. |5
0

Sol.: Let

1

[:/ dx
2et — 1

0
Multiplying and dividing by e~ to the integrand we get,

1

[ / e *dx
2e et — e

0
1

_/ e *dx
o 2—e¢%

0

—

d
Now, here we observe that d—(2 —e ") =0—(—e")=c¢
T

1 1
fe®dr [ fEQ2—e")d
I_/Q—el“ _/d 2—e*
0 0
(@)
f(z)

Using the formula of integration: [ dx =log|f(x)|, we get,

I = [log(2 — e‘“”)}(l)

= 1= [log(2—e") —log(2 - )]
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== {log@ - é) ~log(2 — 1)}

2e — 1

=1= [log( ) — log 1]

e
2e — 1
:>I:log(6 )
e

3
EX.2. [V/sinf - cos® 6 db
0
Sol.: Let

]:/\/sin0~cos50 do
0

For/ sin™x - cos" x dx

we select substitution
t = sinx when n is odd positive number,
and ¢ = cosx when m is odd positive number.

so, we take substitution t = sin 6
= dt = cos 0 db

Further limits of the integral also change, when § =0 =t =sin0 = 0 and when

0=3% = t:singzlandc0829:1—sin29 = cos’f=1—1¢>

So, we have

w/2

I= /\/sin9~ (cos? 0)? cos 6 df
0

with the substitution we get,

:>I:/\/z_€-(1—t2)2dt

1
:>]:/t1/2-(1—t2)2dt

0
1

:>]:/t1/2-(1—2t2+t4) dt

0
1

= 1= / (t1/2 — 21242 4 1124 dt

0
1

=1= /(t1/2 — 252 1 192) at
0

32 o7/2 127t

o7 7 1),

. [2253/2 - 44712 . 2t11/2] 1

3 7 11 |,

|
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L 2(1)3/2 4(1)7/2 N 2(1)11/2 2(())3/2 4(0)7/2 . 2(0)11/2
N 3 7 11 3 7 11
2 4 2
[=—— -+ —
RO
154 — 132 + 42 64
= I - = —
231 231
1 d
EX.3. [—
o 4sin”z + 5cos?x
Sol.: Let

s

/ dx

I = —5

4sin“z + 5cos? x
0

Dividing by cos? x the denominator and numerator of the integrand, we get,

ISE

2
sec® r
I= | ——dx
/ 4tan®x + 5
0
Taking substitution ¢t = tanz = dt = sec®x dx

Further limits of the integral also change, when v =0 =t =tan0 = 0 and when
r=7%7 = t=tan} =1
So, we have

/ d
1= [
42 +5
0

1 1
L / a1 / dt
—_ —5 = — _—
S AP+ S (@ (D))
By the formula: [ %5 =1 tan' (), we get,

1

=5 [ = (),

1= o (3)].

EX.4. [secx dx
0



Sol.: Let

I = [ secx dx

o
el

We know the formula [ seca dz = log|secx + tanz|, Using that here, we get,

/4
I = /sec:v dzx = [log(sec x + tan $)]g/4

0

= [log(sec(m/4) + tan(m/4))] — [log(sec 0 + tan 0)]

= [log(\@ + 1)} — [log(1 +0)]

Hence,
]:[log(\/ﬁ—i—l)]
5 42
EX.5.
5 3fx2_4dx
Sol.: Let
p 2
T
I:/x2_4dx
3
"2 444
Tt =4+
]:/ o dx
3
5 5
24
]:/ 2_4dx+/x2_4dx
3 3
5 5
]z/ld:v—l—4/x2_22dx
3 3
1 z—2\1°
I=(x)+4 1
i [ (553,
-2 3—2
I=(5-3 1 — ) - B
( >+{°g(5+2> g(3+2>}
3 1
=2 1 — | =1 -
+{Og<7> og<5>}
15
I=2+1 —
+og(7>
1
EX.6. [ ——2"

0 Va2 +4r+3

62
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Sol.: Let

1
]_/ dx
NS TR

1

/ dx

I =

V2 +4r+4—1
0

I:O/mjg;ﬁ

Taking substitution y = x4+ 2 = dy = dz and when x =0 = y = 2 and when
r=1=y=3

[od
=
\/% = log(z + V2% — a?), we get,
1= [loa(y + Vi~ 1))
[= [log(?) + \/327—1)} - [log(? + \/ﬁ)}

I= [log(?) + \/g)} - [log(Z + \/3)}

Using the formula of integration: [

(3+2V2)

I =log 21v3)

>>3.5. Integration By Parts method in case of Definite Integration.

We have studied the the integration by parts method in the previous unit which is stated
as follows:

Jovao=a( [ var)~ [ L ([ var) a

But in the case of the definite integral, we have

b

frnta=[o(f var)] - [ oo (f wr)

As for example,

Let us consider the integral
1

]:/:B-exdx

0
Here choosing u = x and v = €” Following the LIATE rule For the choice of the function

u” we follow the priority order : LIATE (L: Logarithmic function, I: Inverse function,
A: Algebraic function, T: Trigonometric function, E: Exponential function.)



Log(log z,log(x + 1), ...)

> Inverse(tan™! 08 “Lsin™h.)

> Algebraic(1,z, 2% 1 + 2,2+ Tx, 23, ....)
> ngonometmc(sm cos, tan, ...)

> Exponential(e®, et ...

and applying the above rule, we get,

1

e (f ea)]l- [k ([ <o) a

1

el [)e i

0
I=[1-¢e"=0-¢"] —[e" ]

I=e—[el—e]=e—(e—1)=1

Exercise: FEvaluate the following integration.

1
Ex.1. [tan™'z dx
0

Sol.: Let

1

I = /tan_lm dx

0

Using the integration by parts method taking u = tan=' 2z and v = 1, we get,

1

1
d

I = [tan_la: / 1d.75] —/ —(tan_lx)-(/ 1 dx) dx
0 dx

0
/ 1
I = [xtan_lx}(l)—/ 1
0

I=[1-tan™'1—0-tan"'0] —

\H
[a—y
&
IS
S

+ 22

1
1
I=[1-tan'1-0] — =
1 tan 2/1
0

1

I =tan™ 11——/
0

Loy
L[ a0
— = @ ‘dx
2 1422

0

I =

N

64
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s 1 o\11
[:Z—§[log(1+x)]0
o1 9 9
1_1—5[1og(1+1)—1og(1+0)}
T 1
I=—-———-log2
128
12 gin~lg
Ex.2. | ———= d
2
Sol.: Let
1/2

sin~tx
I = /—(1_3:2)3/2 dx

0

1
Use the substitution § =sin"'ax = df = dx
V1—x2

Also, when 2 =0= 60 =sin"'0 =0 and when z = § = =sin"'(1/2) =%

So, with this we have,

1/2

]_/ sin"tx dx
| A=)/

w/6

0
I= do
= / cos? 6

0
/6

:>I:/9-se020d9

0
Now, we apply the Integration by parts method with « = § and v = sec? #, we get,

N N ER e

/6

T —[6- (tan @)/ — /(1) - (tan®) do

0

s)

w/6

=7=|2. (tan 2 —0- (tan0)| — [ tané db
£ () ot - |

1
= —[log(secx) ] ¥/°

6 V3

=" [ log(sec/6) — log(secO0) |

6v/3

=1 =
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Ex.3. [ 23e*” dx

Sol.: Let

Here taking the substitution t = 2> = dt =2z de and when 2 = 0=t =0, z =

V2 =t=2

With this and

We get,

2

]:/tetdt

0
Next, we apply the Integration by parts method with v =t and v = ¢!

2

I= [t-et}i—/(l)-etdt

0
I = [2-62—0-60} —[et]g
I=1[2e"—[e*—e"]
I=22— e2+1=¢*+1
Ex.4. fg:cQ cos 2z dx
0
Sol.: Let

I = [ 2?cos2z dx

o —
vl

Using the integration by parts method for u = 22 and v = cos 2z, we get

= (oo ae) [ ] i ([ ) a

w/2

. w/2 .
7 — [$2 _ Sln2x] / B /(293) . 81n22:c s
0

0
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I= {(w/2)2 : w —(0)*- Sins(o)] —~ ﬂ//ic - sin 22 dx

0

w/2
I = {(W/Q)Q : sm2(7r) - 0] - /:L‘ -sin 2z dz
0
w/2 w/2
I:O—/x-siandx:—/x-SmQxdx
0 0
Once again applying the integration by parts method for u = z and v = sin 2z, we
get,
/2 w/2
]:—{m (/siandx)] —I—/(l) (/sin?a:d:v) dx
0 0
w/2
— cos22]™? — cos 2w
I=—|z + dz
2 0 2
0
/ w/2
—cos2m/2 —cos2-0 1
I= 20— =0 —| — = 2
|:7T/ 5 0 5 } 5 /cos x dz
0

I=- [1—(—1)} 1 [smzx rw

2 2 20 2 |,
s [r =(=D] 1] sin2e /2
o2 2 21 2 |,
T 1 [ sin2(m/2)  sin2(0)
42 2 2
- _T_ 1 [sin(r) sin(0)] =
42 2 2 | 4

Ex.5. [ sin’zcos’z dx
1

Sol.: Let

1
I = /sin3xcos4x dx
|
Here, we observe that the integrand function f(x) = sin®zcos*z is such that
f(=x) = (sin(—2))3(cos(—x))* = (=sinz)3(cosz)* = —sin*zcostz = —f(z) =

f(=2) = —f(z)

Hence, given integrand is an odd function.
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So, by the result for an odd function: [ f(x) dz =0, we have

—a

I=0

cos? z dx

%M:\

Ex.6.

INE]

Sol.: Let

I = cos? z dx

:‘\Mﬂ

4
Here, we observe that cos is an even function so by the result for the even function:

fa f(z)dx = 2} f(z)dz, we get,
—a 0

I1=2 [ cos’z dx

o
ENE]

3

1

1 2
Poa (L,

0
2 4
I:§/(1+cos2x)dx
0

. sin 2x 1
T
2

~= ko dx T

X EX =.If = — , then find k.

<= ‘0[2—1—8.7:2 TR —
Sol.: Here




d 1
Using the formula | % = —tan~
2 4+a2  a

'L we get

:[Lta 1L]’“:z
1/2 1/2], 2
=2 [tan_1 Zx]o =T

2

= [tan~' 2k —tan™' (2 0)] =

:>tan_12k:g = 2k:tanz

=2k=1 :k:%

D o f(z)
-<£i(/¢ . Prove that Off(a?)—l—f(Qa—x) dr =a

Sol.: Let

i) i
I_O/f(w)+f(2a—w) I

b
We know the result for the definite integral: [ f(z) dx =

= [tan_1 2x]k = 1

™
0

T

Do |

4

b
J fla+b—2x) dx, we get

a

f(2a — )
O/f(x)+f(2a—x /f 2a — x) + f(2a — (2a — 7)) du
Therefore,
2a
f(x) f(2a —x)
O/f(ff)+f(2a—$ /f 2a — ) + f(x dm
So, we have
f(2a — )
/f —I—f a—x) /f (2a —x) + f(x d:z:
f(2a —x) _
/f +f a— 1) /f(2a—$)+f(l“) o=
(z) fRa—z) . _ o

| T+ f<2a —) T Fa—2) 1 f@)

j/f($)+f(2a—w) dr — 2]

f(z)+ f(2a — 2)

0
2a
:>/dx:2[
0

:>[:U]8“:2[

69



=
< FX
-~

=[2a—-0=2=2a=2=1=a

Therefore,
2a
f(x)
dr =a
O/ Fo)+ S =)
b (a+b) b
=. If f(x) = fla+b— ), Prove that [zf(x) dz = 5 [ f(z) dx

Sol.: We know the result for definite integral as:

b b
/ g(x) da::/ gla+b—2z)dx

Here, taking g(z) =z - f(z) = gla+b—2z)=(a+b—2)- fla+b—2x)
But it is given that f(z) = f(a+b— x)
This implies, g(a+b—x) = (a+b—z) - f(x)

Hence,
b b

/a:f(a:) dx:/(a—l—b—as)-f(as) dx

a

b

:/b - f() dxz/((a+b>—x)'f(x> dz

a

b

:>/bx~f(x)dx:/b(a+b)-f(l‘)d$—/x'f(x)dx

a

b b
:>2/ x-f(x)dr=(a+0b) | f(z)dx
/ ] _(a+b)/bf ]
:>/x f(z) de = 5 (x) dz

EXTRA EXAMPLES :

(1) Evaluate the following integration.
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™1 — i
(C) ﬂdm

1 —cosz

1‘3

der a>1

(d)
(e)

a? — x?

4

sin z cos® = dx

o O%ﬁ LHH w\:l%

™

sin® z cos? z dx

(f)

o,

1 — 2z,

(2) Evaluate fll f(z) dz,where f(z) = {1 + 2z,

tanx

(3) 1

_ant T , then find k.
o 1 +tanx 4

— A
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UNIT - 4: USO2EMTHO2
(ELECTIVE MATHS, SEM. II)

Differential Equations

Reference book : Gujarat State Board of School Textbooks ,
Standard - 12 MATHEMATICS - 2 ,( CHAPTER - 8)

4.1

4.2

”Have you ever thought "why should students of Biology study mathematics?’. In
the present time mathematics is being widely used. By use of mathematics, rep-
resentation of any subject becomes clear and well-defined and still the expression
becomes compact. 'Differential Equations’ is also a branch of mathematics. Most of
the branches of science and management make use of differential equations. In fact,
this branch provides one of the most powerful tools in the mathematics.In the present
chapter we shall procure an elementary information about differential equations.”

Differential Equation: Definition

The equation involving derivative/s of dependent variable with respect to the indepen-
dent variable and together with the variables is called differential equation.

More precisely if y = f(z) is the dependent variable depending on independent variable

dy d?
x, then the equation involving z, v, d_y’ d—z, .... is called differential equation.
x dx

. . 2
i.e., a function F <x,y, %, %, ..... ) =0.

Practical Example of Differential Equation:-

Let us consider the problem from your own world that is Life science.
The rate of growth of bacteria is proportional to their number present at a moment(which
is practically established by the available experimental data).

Thus if at time t the number of bacteria is x then this problem can be described by a
differential equation

dz i

R T

dt
where k is a constant of proportionality.

This is an equation, to determine number of bacteria at any moment.

Order and Degree of Differential Equation

If a differential equation is written in the form of a polynomial the order of the highest
order derivative occurring in the equation is called order of the differential equation and
its power is called the degree of the differential equation.
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Exercise: Obtain the order and degree of the following differential equation.
Py | (dy\’
L — — =0
dx? * (dx Ty
. o . dPy
Sol.:- The highest order derivative in the above equation is e and
x
its degree(power) is 1.
.. The differential equation has order 2 and degree 1.

3

d2y dy 212
2. "1+ (¥
dx? [ * (dx)

Sol.:- To express the above differential equation in to the polynomial form in derivatives,
taking square we get,

9 N\ 2 273
YN (Y
dx? dzx
d2

The highest order derivative in the above equation is d—‘z and
x

its degree(power) is 2.

.. The differential equation has order 2 and degree 2.

3. 1 —y?dr++1—22dy =0
Sol.:- Expressing the above equation in the polynomial form in terms of derivatives, we
get,

dy
1—q2 1—22-2 =0
V-2 + s

d
The highest order derivative in the above equation is d_y and
x

its degree(power) is 1.
.. The differential equation has order 1 and degree 1.

d
4. sin (_y) +5y =9
dz

Sol.:- Expressing the above equation in the polynomial form in terms of derivatives, we
get,

d d
sin (é) =9—-5y = (d—i> = sin"1(9 — 5y)

The highest order derivative in the above equation is d_y and
x

its degree(power) is 1.
.. The differential equation has order 1 and degree 1.

d*y
5. — +3y=0
dz? +oy
: o L dPy
Sol.:- The highest order derivative in the above equation is e and
x

its degree(power) is 1.
.. The differential equation has order 2 and degree 1.
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dy 1
6. —+——=35
i (%)
Sol.:- To express the above differential equation in to the polynomial form in derivatives,
d
taking L.C.M= & e get,
dx

dy 2 dy
hnt- 1=5-"2
~ (dx) N dx

The highest order derivative in the above equation is Y and

dz
its degree(power) is 2.

.. The differential equation has order 1 and degree 2.

dy dy\?
. -2 =41 -
7x+dx +(dx)

Sol.:- To express the above differential equation in to the polynomial form in derivatives,
taking square we get,

dy 2 dy 2
7Y -1 4
d
The highest order derivative in the above equation is d—y and
x

its degree(power) is 2.
.. The differential equation has order 1 and degree 2.

>— Origin of Differential Equation:
Each family of curves have its differential equation, which is obtained by eliminating the
arbitrary constants from the given equation of the family.

We follow the simple rule for obtaining the differential equation of the given family.

If the equation of the family contains one arbitrary constant then we have to
differentiate it once, If it involves two arbitrary constants then we have to dif-
ferentiate the equation twice, and so on.

Some times it is easier to eliminate the arbitrary constants by differentiation,
but when it is not eliminated by direct differentiation then find the values of
those constants in terms of the derivative and variables then substitute into the
equation of the family.
Ex. Obtain the differential equation of family of all the parallel lines represented
by y = 2x + ¢ with slop 2 .(c is arbitrary constant)

Sol.:- Here y = 2z + ¢, differentiating with respect to x, we get

L) =2 () + (o)

dy
= — =
dx
which is the required differential equation.

2



Ex.

Sol.:-

Ex.

Sol.:-
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Obtain the differential equation representing all lines of family
y = mx + ¢ .( m and c are arbitrary constants )

Here y = mx + ¢, differentiating with respect to x, we get

d d d
@( ) = %(x) %(C)
dy
= % =m
Further differentiating we get
d*y
= — =0
dx?

which is the required differential equation.

Obtain the differential equation of family of circles having centre on x - axis
and radius 1 unit.

The general equation of the circle with center (a,b) and radius r is

(o= P +(y— ) =
The point on x-axis have its y-coordinate=0.

As it is given here the center of the circle lies on the x-axis so its y - coordinate =0, i.e.,
(a,0) be the coordinates of center.

And r denotes the radius in the general equation, here it is given that the radius is 1,

r=1.
So, the equation of the circle with center on x-axis and radius 1 is given by,

(z—a)P+y°=1
Now, to get its differential equation we are going to differentiate it with respect to x,

By differentiating with respect to x, we get,

s — a) -~ a) + 2y (y) = 0

dx
d
:>(:c—a)(1—0)~l—y£:0
dy
_ A
= (@ —a)+y--
dy

éa:x—l—y%

Using this value of a into the equation (x — a)? + 3* = 1, we get,

_ dy \* o



Sol.:-

4.3

Ex.

76
dy 2

du\ 2
= y? [(%) +1

which is the required differential equation.

=1

Obtain the differential equation of family of curves y = asin(z +b), a and b
are arbitrary constants .

Here, y = asin(z + b) is the given equation.

Differentiating with respect to x, we get,

dy d
e acos(x + b) .

(x +b)

d
éd—z:acos(az+b)~(1+0)

d
= d—z = acos(z + b)

Further differentiating with respect to x, we get,

d (dy . d
. <%) = —asin(z + b)%(x +b)

d2
= d—;; = —asin(z + b)

But we have asin(z + b) = y as it is given.

So,

d*y d*y

dz? Y= de? Ty
which is the required differential equation.
Solution of the Differential Equation

Let a differential equation in variables x and y be given. If we can find a function y = f(x)
such that x,y and its derivatives identically satisfy the differential equation, the function
y = f(x) is called a solution of differential equation.

We know that if f'(x) = F(x) then [f(x) + | = F(x), where c is an arbitrary con-
stant. Thus we will get a family of solutions. The solution of a differential equation covering
all its solutions is called the general solution of the differential equation. If we can obtain
definite value of ¢ because of given values of x,y and the derivatives, we obtain a particular
solution of the differential equation.

The conditions are called initial conditions.

Note: The general solution of a differential equation will contain as many constants
as the order of the differential equation.

d
Verify that y = e¢”, x € R is a solution of the differential equation d_y =1.
x



Sol.:-

Sol.:-

Ex.

Sol.:-

7

Here, we have y = e®. To show that it is a solution of the differential equation

dy

dw_y

d
for that we have to show that if we put y = e* into the differential equation d—y =y it
x
should be verified /satisfied.

Let,
y=e¢e'

Differentiating it with respect to x, we get,

d d, , dy_x
%(y)*@(e) :>%*e
and
y=e’
dy

d
Hence, y = €” is a solution of differential equation d_y =y.
x

Verify that y =sinz, x € R is a solution of the differential equation
d*y
— = 0.
dx? Ty

Here, y = sinx

Differentiating with respect to x, we get

dy
dx

Further, differentiating the above equation with respect to x, we get

= COS T

d*y )
—~ = —sinx
dz?
Also, it is provided that y = sinx
d*y . .
L.H.S. = ) +y=—sinz+sinr=0=R.H.S.
x

2

So, it is verified that y = sin x is a solution of the differential equation d_z +y=0
x

Verify that y = cosz, x € R is a solution of the differential equation
d*y
dx?

Here, y = cosx

+y=0.

Differentiating with respect to x, we get

— = —sinx

dx



Sol.:-

Ex.

Sol.:-
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Further, differentiating the above equation with respect to x, we get

d?y
—= = —cCosx
dx?
Also, it is provided that y = cosx
d*y
L.H.S. = I +y=—cosx+cosz=0=R.H.S.
x

2
So, it is verified that y = cosx is a solution of the differential equation d—‘z +y=0
x

Verify that y = ax + a?,(a is arbitrary constant) is the general solution of the
dy\? d

differential equation el +x il - Y.
dx dx

Here, we have y = ax + a®

Differentiating with respect to x-axis, we get

dy dy
A 0 = 2
dx a+d =a dx

L.H.S.= dy 2+x dy = (a)’ + z (a)
T \de de )
—ar+a’=y=RH.S.

So, we have verified that y = ax + a? is the general solution of the differential equation

dy 2 dy
Verify that y = cx + % is the general solution of the differential equation

d dy\*
Y ) x i + 1,where c is arbitrary constant.
dx dx

Here y = cx + %, differentiating with respect to x, we get

d d d 1
@(y) = C%(w) + @(2)
dy
= % =c

Here we have to verify that
dy dy\’
=z () +1
() =+ (@) +
L.H.S.=y dy _ (cx+1)-c=ctr+1
dz ¢
dy\” 2 2
RHS=z(—) +1l=z-(¢)°’+1=cz+1
dx
= L.H.S.=R.H.S.

Hence, it is verified that y = cx + % is the general solution of the differential equation

dy\ = (dy 2
y(%)”(@) o
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4.4 Differential Equation of 15 order and 1% degree

The general form of differential equation of first order and first degree is

d
M(z,y) +N(x,y)£ =0= M(z,y)dx + N(z,y)dy = 0.

1.e., Mdx + Ndy = 0.

Now we will discuss one of the methods to solve such equations.

4.5 Variable Separable method

This is a method of separating variables x and y. We know first order and first degree
equation is

Mdx + Ndy = 0.

If M(x,y) is a function of = alone and N(x,y) is a function of y alone the equation is
said to be in variable separable form.

We can take M = f(z) and N = f(y)

That gives the form of the equation as

f(z)dz + g(y)dy = 0
Whose solution is obtained by taking integration as follows

/f@Mx+/ﬁ@My=c

where c is a constant of integration.
This is known as the general solution of the given differential equation.

< Note: > (i) c can be any arbitrary constant. According to our convenience to express solution

in a suitable form we will take ¢ as logc,tan™t ¢, e, ..... etc.

(ii) Variables are separable means all terms containing  form multiplier of dz and all
terms containing y form multiplier of dy.

(iii) Particular value of a constant ¢ gives a particular solution based on some initial
conditions.

Ex. Solve the differential equation x(1 + y?)dx —y(1 +x?)dy =0

Sol.: Here, by observing the given equation, we see that the separation method will work.

(1 +yHdr —y(1+23)dy =0 = dv —
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Hence, variables are separable.

Now, applying integration on both sides, we get
/ﬁdx_/r%dy261
3wt s e

d (.2 d (.2
L2 +1 y +1
j/de_/Mdyzgclz@

(14 2?) (1+y?)
= log(1 + %) — log(1 4+ 4?) = ¢ = logc

1+ 22
:>10g1+y2 =logc

14 22

=cC
1+ y?

d
Ex. Solve the differential equation d—y =eXty,
X

Find the particular solution subject to initial condition , y(1)=1 .Also find

y(-1).
Sol.: Here, we can rewrite the equation as
d d
Y _ oo :—y:e“ dr = e Vdy =e€" dx
dx ey

i.e., variables are separable.

Applying integration on both sides, we get

/e_ydy:/ex dx + ¢

_e_y:6$+cl :}—e_y—€$201
e V+ef=—c=c

e V+e"=c
which is the general solution of the given differential equation.

Now, it is given that y(1) =1, i.e., when x = 1 we have y =1 .

Using this initial condition into the general solution e™¥ + ¢ = ¢, we get

1.1 1 1+ e?
e +e =c =—-—+e=c =
e e

=cC

So the particular solution is

14 e?
e

eV +et=
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Next, we wish to determine y(—1), for that put z = —1 into the above particular solution
and find the corresponding value of y.

1+ e?
e
1+ e o1

=eVtel =

=e Y=

=e Y=

2
SeV="ce=¢l meV=el =y =—1 when = —1.
e
So,
y(=1) = -1
Ex. Solve sec? ztanydr + sec’?ytanxdy = 0. If y(w/4) = w/4 , then find the particular
solution of the given differential equation .

Sol.:- Here first we have to find the general solution of sec? z tan ydz + sec? y tan xdy = 0

We can separate variables by dividing by ” tanx - tany” as follows

2 2
sec” x sec

x ydy =0
tanx tany

Applying the integration, we get
2 2
sec sec
/ Idx + / ydy = / 0
tanx tany

4 (4, 4 (tany

tanz tany

Using the formula [ %dm = log(f(x)) and adjusting ¢; = log c,we get

log(tan ) + log(tany) = log ¢
log(tanz - tany) = log ¢

tanz - tany = ¢
which is the required general solution.

Now, we determine the particular solution using the given condition y(mw/4) = 7/4
Using the above condition into the general solution,
ie,put x =7/4 and y=m/4, we get

tan(m/4) -tan(r/4) =¢c =1-1=¢c =c=1

= tanz -tany =1
is the required particular solution.
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4.6 The equations which can be transformed into variable separable from:-
To do such transformations we have to use the substitution v =z +y

dy
EX-1: Solve —= = 2,
olve = (x+y)

Sol.:- To transform the given equation to the variable separable form we take the substitution
v=x+Y

Differentiating with respect to x, we get

dv ] dy @_dv

— = —-— = = — — 1 using this into the given differential equation it becomes
dx dx dr  dx
dv
— —1=1?
dx
dv
= — =1+10?
dx
dv
= — =1+1?
dx
Now we can see that the variables are separable as follows
dv
=d
1+ v? v

Applying the integration we get

:>/ dv —/d +c
1+0v2 .

=tan 'v=2+c = v=rtan(r+c)

Using the value of v back, we get
=z +y = tan(z + ¢)
is the required solution.
dy
1) Solve —= = sin(x +
(1) Solve 5 = sin(z + 1)
Sol.:- To transform the given equation to the variable separable form we take the substitution
v=x+Yy

Differentiating with respect to x, we get

d d d d
o + el = Yy using this into the given differential equation it becomes
dx dx de  dx

dv 1 )
— — 1 =sinw
dx
dv )
= — =1+sinv
dx
dv )
= — =1+sinv
dx
Now we can see that the variables are separable as follows
dv

— =dx
1+ sinv



Applying the integration we get

:>/ /dm—i—c
1+ sinv

/ 1 —sinwv
= dv=z+c
1+Slnv 1 —sinwv

/ 1 —sinv
= dv=x+c

1 —sin®v

1—
/ﬂdv:x%—c

cos2 v

:>/(1—sinv)coszvdv2$+c
é/(l—sinv)seczvdv:x—i-c
é/seczvdv—/sinvseCQU dv=z+c

:/secQUdv—/tanv-secv dv=x+c

= tanv —secv =x +c¢
Using the value of v back, we get

= tan(r +y) —sec(x +y) =x + ¢
is the required solution.
EXTRA EXAMPLES :

(1) Obtain the order and degree of the following differential equation.

dy dy\?
2 ot
(a):c+dx +<dx)

dy dy\?
b) y = 1
(b) v d$+3 +(d:v)

(©) %+@+ew—o
dz?
(0) 7 2+sm<j—§>+y=
(0 (242 + ()0 4 1ogy
2

(2) Verify that y = 2 4 cz(c is arbitrary constant) is the general solution of the differential
equation xy’ = 2% + y.

d
(3) Verify that y = (x + c¢)e™! is the general solution of the differential equation Y y =
e ", where c is arbitrary constant.

(4) Find the differential equation of the following family of the curves , where a and b are
arbitrary constants :

(a) 22 +y? = a’
(b) 22 —y* = a®
Ty
Syl

() —+3
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(5) Solve the following differential equations . Also find the particular solution where the

initial conditions are given .
(a) (14 2%)dy = xydx

(b) y(1+e*)dy = (y + 1)e*dx

d
(c) 5% = e%yt

(d) xcos? ydx = ycos? xdy

(e) xzdy + ydx = xydr,y(l) =1

dy
f) zy—=2 =y +2.4(2) =0
()xydx y+2,y(2)



